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ABSTRACT,

A discrete model is considered whnere the or!iginal observa-

tion is subjected to partial de-struction accc(rdini- to the >o

eralized 'farkov-Polya daniage -uodeli. A characterization of thc

generalized Polya-L-ggnberper distribution is -iven in the con-

text of the P~io-Rubin condition. Several. other charncteriz7ation

theoremis are also prcoved concernfigt-, .- Ow ohbiiit in !u

tions
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tit in; ia rod ed' cond it ional.
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Urn modelIs are read i ly ad , ipt ted to t Ili dpvo' e Iiontrt of proba-

bility distributionls Used i~n tik nl~aly!'72 of C.l jirjolcms in

real life situations. Ini many ntiilral p~wner-eira I iwo Ivhi. iud i-

vidualIs or living- org an isms , tI To prr-.i. I it v of sicces.,S socils to

increase or decrease t-Ath the nuvilr of stwco:;:ee(s or fai lures.

Thus, with the aid of urn model!2., r sae'rL' have develo ped

a number of discre te probabl iitv dii; trilmnr iow; se Johnson ind

Ko tZ, 1977 ; clip. 4) when the prohobd' i tv SI5C2.0 oii 0'f-nt

is a linear funuction of tie ntivi'r of: i ~':.,ou the J.rini-

cipal researchers whIo have used -rn 1-11' Ios trr dovc 1 e pi u ( is

crete probability models for contapu! ioU~.ve-;r 2, Mro'(1017)

and Polyn and Iggornberger (1923) are pioiw-re in 1o fieldl.

Followingi Laid' s (1960) a ppro;1 ch , Jani dein~ (I; i 3) , at,.

Janardin and Schaeffer (1977) have recent I" cons idired n newi-

three urn mode). withI p redo tor!-i nod r e . nd h'cder i-rr the

general ized Narkov-PIol1vad ti cl r (1 ii W-) 2'a iinol (T. 1) for

voting in smo.ll groups wi-Ace c (nO;iviwn ir pie;l' en i rn C e

group anid the g-roup I erader dov i f. ee o' 1,i T.-' 2. 'r lrn-

Ing success to his candidal-e:

P(X~~~x)b 0+- (fl) 1~f(p)~ G.i (I~ ' (1.t

where a>O, 1)>O, 0< t 1 , ci-'0. -IIIJ -- P,,,~ Tf r tlui,

reduces to larkov- Potya 'eri Ij (.' ;ill ll (".I or

Johnson-Kotz, ;7;, p. ]Y;), 'ii I.. %-;I.

Eggenherger distribution.

The GNI1'D (1.1) has several. Iritorc!; uiv rprI;i: a

large number of applicationm (see innordvri wt:e S:1at or,

and Janardan , 1973) . U;nder (e r La in lii i ri;- coriitt ioen-, the

probability distrihiti en (1.1) g-ive:: rho' li;.it ili foir:
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where x=., >,0~i,0: 1 (Sb).

1h is distribtiL.on %.as namied "'Ie - f~oiicr.- i.1 i Pc I *---I le rger'

distribution (. PL)) by Jo;nnrdai 0I 's/ 1) 1 ~( '~'i c .0 the

Polya-Lggnherger disLribut ic'i iIi . o:~ rc !'i ini .I';hi,

1968 p. 20) .

Situations of te~n ariso where flit' cr i i n:i 1 0 ;'':1.ion pro-

dluced by ma turt, un(lor,-no a ;o T,,: ro CL . r? :; Oi ; r'e-

corded is only the dinged port ion of tlioi ociri '1(rrini l;n

vation. TI i s pro!)'~ -.'.v f i r!:,. iir(.'i7'' , i I~ L 1' (I )r,3)

when hie considered t1;o, rc:-miitant 'ic J1. ,t t ):.,I Vit jowo

prcluccd f'y some probi I i ty v odc i 1 'reuim o;~vt ho'r pr rha-

bility models . Suhsequon iy, * ' Ilrd I'in (1 ) p'o':(,I th.t if

the observation gonera tllt by i tiro d .,'' r .vK)Is r'-

duced to V by a biuo,.iii~t destrutctivc proce;'. 'isi i; :i~i is

the condition:

P(Y-k) = P(Y-k/no doire.) i'Yk;r~iir"e, (1.3)

then the )rjgirial r .v..' Mttf~r hiai'o th Ii'J -i T -r n

the litcr-tsire'. this rc:;iil t. i V iio'.-'I ;1,>"1' 17,1 f: OH

of the Poisson distriblriri - i f', ro.

RR-cond i. inn.

In this paper, we cons ide'teg~c ~ r s ir Le--hlr

distributinn a;sa da;:ia-e imodel fih jot' toiliV onudirs ircl (1 la r-

icterize the getrli;.IPoly.- * 'i ;~i*~W

a model of con talgjot fcir ttue I, -.
1

1 ' ' '';V2, .,ii

In add it ion to thn I t:i s s T. I L !' *IC.

provc several other thii.'rc!:i!- I'5 ii ' :''''r cd

1rarkov-Polya- anf jgn o rili "'kI f-''I I'' 1' 1~' 1'. '- t i o s;

2. NOTATICi, i',I

To begin withw shal 'I 'n' v i v' 1d t- '' id-ynti-

ties reqitired ill this paper. 'm-, i ' t

definition; of po'ilr. j' i;i

sequel ntainds for the *~ew i 2 t'



mx m ri +c ) (ri+ 2 c . . . Oil+- c: )

11(xO) rx, (0 ')

_m~m-). . (r-x±1)

From Janardan (1973). , v record the foil oiin,- tw~o idontltios:

n

y J (A,t,c)J jBtr .4,~)(2.2)

where J tt(a, t ,c) a a(,1n L(i , rG-) t . (2.3)

and i0( b ) .(.k

k0

tith th~i k (At o, che V rbii ir<~~ 11 n 12

can be wrIttLen respectively .z

P(Xx) f J (h't,C) ( e (11, (' 1. ! C26
x n-x

3. C I .'2tCT !'R I ;ATP: ' '.; lj, s .A:

W4e now prove tliv f ol Jrwi i

T11LORN-21: If X. and Y nre tL:o i nirpt 71'ett .indom vo T-j -flI k-!;

having the gene ra Ikc Po lvn- e t'der' ; t i i iit i on i nr --

meters (a, t, C,r) and (b , t 'C .) YL'!PCC-, i VC) % thi'n L110 connIti (Ma I

distribution of N given :-Y~n i!-, a grnor-. 1 i :'-l2rho-o d i s-

tribution as given In (1I.1)I

rROOF: fl~y dcf ini ti1on of contiLion~i I r'i I

P(X-x/X4Y=11) P (K- x,Y~--- -) IT(,xN TOnn



X-/C ( a~G4- xt/ I [ (' t~ c C c 00 *(.)( (-x)t)/c

n x ((,14c -.(t3/c),4(I t/

J xa t,)JTIt-c

x"0

By identity (2.2) , the denominator T n (a-4-h ,t,c) , vhicii

proves thc theorem. The fol o'.,:ing, I iircnr, gives; t he coiiverse of

the above.

THEOPill 2: Let X: and Y he twom irtipndint disc roto r .v's -such

t ha t tI e c ond i t ionalI d is t ri h t i on o f N r-: J i VenI N f ' 1 iS L t' . '. gc-

er al ized , a r kov -Polvya (iis tr ihu)Lt io0n -,i vecn 0v (11 r ( t. th Cn

eac h X a nd Y hams a pen era Ii ze d 'o I vn- i en' rgr d(iis Cr i 1)t i in t r

in (1.2).

IEOOF: B.y h yp o thiesq of t Iie t I ior- r e X/ 7-,1 n1 is f- 'v.cn by

CE(x),3(n-x)/Y(r) with rL(.x) . ~ttc f.~

J (b,t,c) and y(rz) =,l(~~t,)

Applying theorem 1 of Janardan (1175), r o

f~~x)r - alze nd j-(v) q 4(-r , vYre p.r ni r ar oi~

positive constants. ;ettin'g c 1- rwveo;(

and g() I b~ e written a

S (y) - q-7 (h1).c) (P C
y

Since I E f (m) = T , (y) , apply TIg tin'" i(!,')t i t V(.) Qe st
X-O -0

prn (1-?,) and q (1- C,) cnmp et il, th pro, H o 'rorc~l



TIIEO~I'I[ 3 If a non-negative. I iitve ,wr ranIcici variableC H is

sub-divided in to LWO co;;Iponen ls A and ::; s~uch H init the conidi -

tional distribution P (,; A c./>n , is tho e c.ralizeid

2Iarkov-Polya distr ibut ion (2.5) then the r .v'r, and Uart,

independent if, and only if N~ has a pone-ral i zcd cv-g br

ger distribution.

PROOF: The joint probability of NU An 1( :1,b micc

AA b 1Bi~

n

If N has a generalized toy-tnoj t ~itin .hen 1Wi

h = a+b, its probabilirtv function is

P(N=n) =J (a'n ~ )( )n 1

Inser ting the value of P (:=n) ,~ v, an v~:jj'.' vr itor (3.1) -Z

P[N=XN n-x Im

J x(a,t,c)( /'c) X 0 -C) (a +x t)/~ C. k~~~K. 0

P(N A x) P -

Converselv, if N~ andi( ': rie '!J '.op' t qJJ('! that, tiQJ
A f

condi tionial distrribu Lien of n if., het~

tributtions. This follow,.s fro;: rhoorc;-

THIEOI'i2I 4. JrI X and Y are tw,,o i ni 'perW t- r'.v d ef i ned oil neli-

negative integers such that P(-) f(I". f (x) I an!d
x --fl

P(Y-y) y>O
01

Y~ g(y) 1 and ftirther if For Yr 1h - A,
y=O



P'(X~~k/X+Y~n) =

in a in _(_4-n( t t)(k'c)( (n-k) tn(k) n- L - -(1C 3 3

(an+kt)(bn+(n-L)t) A(Ant)( 

for k = 0,1,2,...,n.

= 0 for k>n

Then (I) a is independent of n and (equals5 a cons;tant 'a' for
n

all values of n, and

(ii) X and Y must have gePor]i ,' 1 ''v-i o-nIcrcr dis-

tributions with parameterf, (a,t,c,fl) ,d (1,tc,,) r,:pCtlv.

rPOOF: Since N and Y are indrpedr t r hve

n
f -•(, - -) t-(x --k /I: - : ) f (..) (n-i:) 7 f C ) :' n--n ) .(3. )

Using (3.3) and (3.4) ve can derive til ftrtiin-Il rliti . (3.3)

for all values of O<l.<n, and n>:

f (k)'; (n-k) (3.5)

n-k+l (a +kt)( Ic)(n-_ )t) (i - I) 0 W):)
(an--k)t l( ((n- 1 t ((2- "" )TI

n+ t I1 I

Replacing k ,Y k+1 and n bv n 1 (3.P') II diV T-, . rt sulit-

ing expression by (3.5) tw7 get f( '1 )f(1 , -)I" C) on th, Je, ft

side and a 'v!-v co. l :l unt i v :;,(1; f1: T T , i ht :1 C

Since the left- side -i ihdt-1';c: i " ' , , -1'

also be iil(IependenL of I - i,.; . n :, ,

all n, and hence l c now te ndtn'c i;'' ITi I1 C;n:l )'I -. '

have f(k+I)f(k-l)

f 2(k)

(a+(k-1)t) (k-1,c) (I c) ((

k- (a+ (k-.I).c + k + I ) (3.6)

k+l (a+(k-1) t) (a+(,l] ) t) i (, l! .,)

which by continued substi tin tion for hI . (n-i) . .nd mu I ip-

7



lication together yiuld.,

f (n) f(0) _1 (.141(n '(+(-)t (3.7)

n1. ') (n f t1 (.-0 (11i)

Settin- D f (1)/f (0),i, the( recurroenc re1,-tj(on, (3.7) Icco:7es

f(0) Bl+Int ) (n ,i* c~ n1t (3.8)

which is true for all intorral n- :Um12.

f (1) = B-ant. (ii c ) ~fi 3

Since F. f (n) - 1, the series (3 .')) Tanto t cnooriw, to uini ty. . r lt

n= 0

the unkno.'n po' i tive 13,11 qiianti ' '00 oriqil (3 C (1-? ,3t

0<6<1,t>O, and c 0. Thus,

1~ ~~~nr n 1: ft~~

By applying, identity (2 .1) , ye cz-- i~w ' >.~(

( )af/C and f (X) (-- (. t , C)(b(

which proven; that thi r .v.X irs Iitioitp' .w- hio 'Fi s

parameters (atY4) PBy t pt-- in 1) iii1 ono cn ni

see that

i1 c)

Hence g (n) n 1b(--t (1 , (r) (l t

and the fact 7, F,(n) = 1 wjil I I i 1 i> 1'l (-4' for

B = (& /C) (1-J . Thus , the r .* .' ':mn i' thle IlP [: wi th pjlral-

meters (b,t,c,C).

iUlMZ t asshniun in theoror 3 ,t if i In Y if '11 indoC

p e n den t a enecra i i 7 L, d Po 1 ya - Tg c II P 'rgT ;I I , v t I I he

cond itional d i rt rbu r i n of g ive oi Y q r~ia I j''~ HrjrV-



Polya di1st ribu tion. Thtta''- t~'ia r'i e

by theorcm I of Chitterji C .u. ,,;; o: fti

property chiaracterize~s r',

Let (X Y ) he a randlom vec or of ~ nmr'r~i' ip-",,I !m-,,

components such that

P(X'-n ,Yn'1) =f n S /n) (4.1)

where ff n=0, , .: .r . ()a ... ..

n>O are discrote vrbbii- iin 7
ri ~i; i --

conditional distribution of Y C iv.7n : fn /5~11): .),, .11.

Fur thor , P Y k n a-i g l0.2

P{Yk/no r-,gd= ge f S(I I;2l / 3 ')42

tributed in nat~ure o;as n'D(2~. -~

and if it is damaged and roducedto...........(

f ur ther , i f Y i s t he r (,s i t im r,-,rncI-, : (1,

Condition (1.3) is satisfied, ;ml (1 )

Ca,t.COS).

mPooF : I' (Y-k) f nS(b,/1n) e '

nk

k0 1

square brackets is one-.



From oquation (4.2),

P(Y=k/no daa-go) k (a,t,c)(F/c) 1 :0. P- Y 1-

Fron equation (.1.3),

I- c~f

k=O k '-

P(Y-k)

T I I F. ) R 6 : e t h e a non-niej,,t ive. -. '1"I jet

thc probability that. an observ.-t ion I. of i eL Ito Ourin;g

a destructive~ process 1,e c'iven 1,v the GM(:',T)

S(Iz/n) = J (a,t,c)J -r, )/ ( tc
k n-k'

for O<a<l, a-+-h=, O<t<l, c>O, and 1, O,l ...... n. Tf the rkcsultin

r.v. y is such that it sqatisfie!s thic 2'1n~r. ~),t~-11 X

has a GPED with parameters(ltc)

PROOF: The 1'K-Cond it ion isemi'Iot n

E f S(kn = .070 . ( .

where f k P (X-k). This c~ivrr

k n-1 t1: i

setting n=k4-s and( concoiling- .1 (k Oit , e) n t -od~ pollt

toh~~c f /1 1tc
EfH S k 1: (4.5)

-s k+ (I1,t C)
k~~s ~ Y f T i *)'l( tc

10



Define fk = F(k)Jk l,'t'c)v (4.6)

for all integral valucs of k, w..here V is sove arhitrarv quaiilt"

to be set later. Substituiting (4.0) in (4.5) w,,e get

F F(k+s)Js (,t,c)Vk+ = F(k)Vk/7 F(A)J (4.7)

s0

Let C(az,t) = . F(k)J k(azt ,C)VY
k-O

where - <z< - so that G(O,t) F(O) and G(1,t) = 1.

Multiplying both sides of (4.7) by J, (a7.,tc) and sunmin5, over k

from 0 to (4.3) becomes

E F(n)Vn{ E Jk(az,t,c)J nk(b,t,c)} = G(,-'.t)/G(at) (4.9)
n=O k=-O

By Identity (2.2) the inner sum on the loft side of (A.9) is

equivalent to J (az+b ,t ,c), and Ihenc (.9) t h(-II the hivariatCH

functional equation:

G(az+1),t)(-(a,f) 0 ::., ) /.10)

Clearly G(a+b,t) = G(l,t) = I. aetting X .,(: --1) and -- a

(4.10) gives

G(x-il,t)G~a,t) -- (y:-'i.t) (4.11)

Setting ,(x) = G(x+] ,t) , and a-i-v (4.11) rr..ic- to the CucIv

functional equation, , (x) , (y) (y .T. -

tion is given by I (x) .. Thu, ';t

probability genicrting' function of tie 1'o i!:rcn di tA I l t ior,.

Now replacing x by az, assignin- a value (1-e /, to v

using the definition of G(az,t), wc et
c'

e F(k)e Jk(aztc) v( 2)
k=O

To determine the value of F(k), consider he itdent tv (2.4) wILth

A = az and w = e-Xc which gives

I!



Aaz
e I' J. (az,t,c) V (4.13)

k.O r

Subtracting (4.13) from (4.12),

CO,
0 - E [F(k)eX-i k k(aa,t,c) Vk  (4.14)

k=O

Since (4.14) is true for all values of A , It i n"vious thait

F(k)=-c for all k. hence, by drfinition (4.6) , get

f-(k) = (I.) J,.( ,.,c) 

= Jk(l,t,c)(0/c) (1-) C

j: I t c (- (

That is, X has a GCPD with parameter (1,t,c,3).
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